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The Fermi-Pasta-Ulam (FPU) paradox onsists of the nonequipartition of energy among normal
modes of a weakly anharmoni atomi hain model. In the harmoni limit eah normal mode
orresponds to a periodi orbit in phase spae and is haraterized by its wave number q. We ontinue
normal modes from the harmoni limit into the FPU parameter regime and obtain persistene of
these periodi orbits, termed here q-Breathers (QB). They are haraterized by time periodiity,
exponential loalization in the q-spae of normal modes and linear stability up to a size-dependent
threshold amplitude. Trajetories omputed in the original FPU setting are perturbations around
these exat QB solutions. The QB onept is appliable to other nonlinear latties as well.
PACS numbers: 63.20.Pw, 63.20.Ry, 05.45.-a
Fifty years ago E. Fermi, J. Pasta, and S. Ulam (FPU)
published their elebrated report on thermalization of ar-
rays of partiles onneted by weakly nonlinear strings
[1℄, bringing forth a fundamental physial and mathe-
matial problem of the energy equipartition and ergodi-
ity in nonlinear systems. Series of numerial simulations
showed that energy, initially plaed in a low frequeny
normal mode of the linear problem with a frequeny ωq
and a orresponding wave number q, stayed almost om-
pletely loked within a few neighbour modes, instead of
being distributed among all modes of the system. More-
over, reurrene of energy to the originally exited mode
was observed.
Muh eort has sine been expended to understand
and explain the FPU results (see [2, 3, 4℄ for reviews).
Two major approahes were developed. The rst one,
taken by N. Zabusky and M. Kruskal, was to analyze
dynamis of the nonlinear string in the ontinuum limit,
whih led to a pioneering observation of solitary waves
[5℄. The seond approah, followed by F. Izrailev and
B. Chirikov pointed to the existene of a "stohastiity
threshold" in the original FPU system [6℄. For strong
nonlinearity (or simply large energies) the overlap of non-
linear resonanes [7℄ leads to strong dynamial haos, de-
stroying the FPU reurrene and insuring fast onver-
gene to thermal equilibrium. If nonlinearity is below a
(size-dependent) "stohastiity threshold", the dynamis
of the hain remains similar to that of the unperturbed
(linear) system for large time sales. Later studies [8, 9℄
showed that the "loal" dynamis of four onseutive low-
frequeny modes may beome substantially haoti, while
almost all initial energy stays loalized in these modes
during the time of omputation. The redistributed mode
energies fall exponentially with inreasing mode numbers
in this regime (oined "weak haos") and the energy ow
to higher frequeny modes was argued to be exponen-
tially slow (due to Arnold diusion).
The results obtained through this seond approah
lead one to formulate some important questions. Firstly,
sine the dynamis below the stohastiity threshold is
loalized in q-spae for long times, do time-periodi tra-
jetories with almost all energy loked in a single mode
for innite times, oined q-Breathers (QB), exist, and are
they lose to the ones studied by FPU? Seondly, are the
stability thresholds of suh QBs related to the various
stohastiity thresholds mentioned above? And nally,
is the onept of QBs appliable also for other spatially
extended nonlinear latties, inluding generalizations to
higher lattie dimensions? A strong motivation for this
study is the fat that in the q-spae representation we
deal with osillators whih are unoupled in the limit of
small amplitudes, and, moreover, with frequenies being
dierent for eah mode. Nonlinearity indues oupling
between osillators. That is reminisent of the ase of dis-
rete breathers (DB), that are time-periodi and spatially
loalized exitations on networks of interating idential
anharmoni osillators, whih survive ontinuation from
the trivial limit of zero oupling [10℄. Notably, DBs exist
also in FPU latties [11℄.
The FPU system is a hain of N equal masses ou-
pled by nonlinear strings with the equations of motion
ontaining quadrati (the α-model)
x¨n = (xn+1−2xn+xn−1)+α[(xn+1−xn)
2−(xn−xn−1)
2]
(1)
or ubi (the β-model)
x¨n = (xn+1−2xn+xn−1)+β[(xn+1−xn)
3−(xn−xn−1)
3]
(2)
interation terms, where xn is the displaement of the n-
th partile from its original position, and xed boundary
onditions are taken x0 = xN+1 = 0. A anonial trans-
formation xn(t) =
√
2
N+1
N∑
q=1
Qq(t) sin
(
piqn
N+1
)
takes into
the reiproal wavenumber spae with N normal mode
2oordinates Qq(t). The equations of motion then read
Q¨q + ω
2
qQq = −
α√
2(N + 1)
N∑
i,j=1
Aq,i,jQiQj (3)
for the FPU-α hain (1) and
Q¨q + ω
2
qQq = −
β
2(N + 1)
N∑
i,j,m=1
Cq,i,j,mQiQjQm (4)
for the FPU-β hain (2), where ωq = 2 sin (πq/2(N + 1))
are the normal mode frequenies, and Aq,i,j and Cq,i,j,m
are oupling oeients [8℄. For small amplitude ex-
itations the nonlinear terms in the equations of mo-
tion an be negleted, and aording to (3) and (4) the
q-osillators get deoupled, eah onserving the energy
Eq =
1
2
(
Q˙2q + ω
2
qQ
2
q
)
in time. Espeially, we may on-
sider the exitation of only one of the q-osillators, i.e.
Eq 6= 0 for q ≡ q0 only. Suh exitations are trivial time-
periodi and q-loalized solutions (QBs) for α = β = 0.
Let us onsider the β-model and hoose rst β = 0,
exite a normal mode with q = q0 to the energy Eq0 = E
and let all other q-osillators be at rest. With that we
arrive at a unique periodi orbit in the phase spae of the
FPU model. In order to guarantee ontinuation of this
periodi orbit into the ase β 6= 0 and following [10℄ we
onlude, that it is enough to request the nonresonane
ondition nωq0 6= ωq 6=q0 whih is the generi ase for a
nite system size N (here n is an integer) (see also [12℄.
We expet that the orbit will stay loalized in q-spae at
least up to some ritial nonzero value of β. The same
argumentation an be applied to the α-model [13℄.
We ompute QBs as well as their Floquet spetrum nu-
merially using well developed omputational tools [11℄,
and ompare the results with analytial preditions, de-
rived by means of asymptoti expansions. As a zero-order
approximation for the numerial omputation we take the
q0-th linear mode: xn(t) =
√
2
N+1Qq0(t) sin
(
piq0n
N+1
)
. For
the β-model the initial onditions are Qq(t = 0) = 0,
and Q˙q0(t = 0) =
√
2E −
∑
q 6=q0
Q˙2q(t = 0). We map
the spae of ~y ≡ {Q˙q} onto itself by integrating the ini-
tial ondition up to the time when Qq0(t) = 0 again:
~yn+1 = ~F(~yn). A periodi orbit is a xed point of that
map. The vetor funtion
~G = ~F(~y)− ~y is used to alu-
late the Newton matrix N = ∂G(~y)i/∂yj. The iteration
proedure ~y ′ = ~y−N−1 ~G(~y) ontinues until the required
auray ε is obtained: || ~F(~y) − ~y||/||~y|| < ε (we have
varied ε from 10−5 to 10−8), where ||~y|| = max{|yi|}.
For the α-model we used a modied sheme hoosing
xs(t = 0) = 0 where s = [(N + 1)/2q0] orresponds to
the antinode of the mode Qq0 . We map the phase spae
~r (exluding xs) onto itself integrating until xs(t) = 0
again. With the above notations we use a Gauss method
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FIG. 1: Energy distributions between q-modes in QBs for dif-
ferent nonlinear oupling oeients β versus q in linear and
log sales with analytial estimations of the QBs exponential
loalization (dashed lines). Parameters are E = 1.58, q0 = 3,
N = 32. Only odd modes are shown (see text). The symbols
for q 6= 3, 9, 15, 21, 27 represent upper bounds, the real mode
energies might be even less. Note that QBs persist even far
beyond the stability threshold (see Fig.2).
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FIG. 2: Absolute values of Floquet multipliers |µi| of QBs
with the energy E = 1.58 and q0 = 3 and dierent N versus
β. Symbols: numerial results, lines: analytial results.
to solve the equations
~G(~r) = N (~r − ~r ′) for the new it-
eration ~r ′ and do nal orretions to adjust the orret
energy E. To ompute the linear stability of the found
QB, we linearize the phase spae ow around it, and map
that ow onto itself by integrating over one period of the
QB. The orresponding sympleti Floquet matrix an be
omputed numerially and subsequently diagonalized. If
all eigenvalues µ have absolute value one, the QB is sta-
ble, otherwise it is unstable [11℄.
First, we apply our method to the β-model with q0 = 3
and E = 1.58 whih is very lose to the value 1.5 hosen
in [8℄. We obtain QBs whih are exponentially loalized
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FIG. 3: Stable QB solutions for α = 0.025 and α = 0.25, E =
0.077, N = 32, and q0 = 1; the latter orresponds to the
original numerial FPU-α study [1℄. An analytial estimation
of the QB exponential loalization in ase α = 0.025 is shown
with a dashed line.
in q-spae (Fig.1). The smaller β, the faster is the deay
of the energy distribution with inreasing wave number
q. Note, that due to the parity symmetry of the β-model
(Eq.(4) is invariant under xn → −xn for all n) only odd
q-modes are exited by the q0 = 3 mode and get oupled
[14℄. In Fig.2 we plot the absolute values of the Floquet
eigenvalues of the omputed QBs versus β for dierent
system sizes N . QBs are stable for suiently weak non-
linearities (all eigenvalues have absolute value 1). When
β exeeds a ertain threshold two eigenvalues get absolute
values larger than unity (and, orrespondingly, another
two get absolute values less than unity) and a QB be-
omes unstable. Remarkably, unstable QBs an be traed
far beyond the stability threshold, and moreover, they re-
tain their exponential loalization in q-spae (Fig.1). As
β is inreased further, new bifurations of the same type
are observed.
By an asymptoti expansion of the solution to (4) in
powers of the small parameter σ = β/(N+1) we estimate
the shape of a QB solution Qˆi(t) loalized in the mode
q0. The energies of the modes q0, 3q0,. . . ,(2n + 1)q0,. . .
are given by
E(2n+1)q0 = λ
2nEq0 , λ =
3βEq0 (N + 1)
8π2q20
, (5)
up to a an error of the order (2n + 1)2q20/N
2
. Dashed
lines in Fig.1 are obtained using (5) and show very good
agreement with the numerial results.
Using standard seular perturbation tehniques we ap-
proximate the frequeny Ω of the QB solution as Ω =
ωq0(1 +
9βEq0
8(N+1) + O(
β2
(N+1)2 )) . The instability threshold
observed in Fig.2 an be obtained analytially by making
a replaement Qi = Qˆi(t)+ ξi in the equations of motion
(4) and linearizing the resulting equations with respet
to ξ:
ξ¨ +Aξ + h(1 + cos 2Ωt)Bξ +O(h2)ξ = 0 (6)
where ξ = (ξi) is a vetor, A = (δijω
2
i ) is a diago-
nal matrix, B = (bij) is a oupling matrix, and h =
3βE/2(N + 1) is a small parameter. We analyze para-
metri resonane in (6), treating h and Ω as independent
parameters. In the limit h → 0 the equilibrium point
ξ = 0 is stable for all values of Ω exept for those whih
satisfy ωk + ωl = 2nΩ ≡ 2nΩnkl where n ≥ 1, and the
modes k and l belong to the same onneted omponent
of the oupling graph whose onnetivity is dened by
the matrix B.
We seek for a solution to (6) at Ω = Ωnkl(1 + δ), δ =
O(h), in the form ξ =
∑+∞
m=−∞ fme
(iω˜+z+2imΩ)t + c.c.
where ω˜ = ωk(1 + δ) = −ωl(1 + δ) + 2nΩ, fm are un-
known omplex vetor amplitudes, and z = O(h) is a
small unknown omplex number.
The nearest primary resonane orresponds to k =
q0−1, l = q0+1, n = 1 [8℄. In the viinity of the bifura-
tion point the absolute values of the Floquet multipliers
involved in the resonane are obtained as
|µj1j2 | = 1±
π3
4(N + 1)2
√
R− 1 +O
(
1
N2
)
(7)
where R = 6βE(N + 1)/π2. The bifuration ours at
R = 1+O(1/N2). The result (7) is plotted in Fig.2 with
solid lines for N = 32, 64 and 128, demonstrating good
agreement with the numerial results. The agreement
improves with inreasing N [15℄. The instability thresh-
old for QB orbits (Fig.2) whih is obtained analytially
using the parameter R (7), oinides with the riterion
of transition to weak haos reported by De Lua et al [8℄.
We have used one of the original parameter sets of the
FPU−α study α = 0.25, E = 0.077, N = 32 [1℄ (and add
to that the ase α = 0.025 as well for omparison) to nd
stable exponentially loalized QB modes with most of the
energy onentrated in q0 = 1 (Fig.3). We use again an
asymptoti expansion of the solution to (3) in powers of
the small parameter ρ = α/
√
2(N + 1) and obtain that
the energies of the modes q0, 2q0,. . . ,nq0, are given by
Enq0 = ǫ
2n−2n2Eq0 , ǫ =
α
√
E
(0)
q0 (N + 1)
3/2
π2q20
, (8)
The dashed line in Fig.3 is obtained using (8) in ase
α = 0.025, E = 0.077, N = 32, q0 = 1 and shows very
good agreement with the numerial results [16℄.
How are QB-solutions related to the original FPU stud-
ies? A QB requires spei initial onditions, whih were
not used in earlier numerial studies. However, nearby
quasiperiodi solutions are expeted to retain stability
and exponential loalization of their QB generator for
times long ompared to the QB period. In Fig.4 we om-
pare snapshots of displaements at dierent times ob-
tained for the original FPU trajetory in [1℄ and for the
40 20 40
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
(a)
n
x n
0 20 40
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
0.8
(b)
n
t=10
t=1000
t=2000
t=3000
t=10
t=1000
t=2000
t=3000
FIG. 4: Snapshots of displaements (a) of the original FPU
trajetory for α = 0.25, E = 0.077, N = 32 [1℄ and (b) of the
orresponding exat QB solution from Fig.3 taken at dierent
times.
numerially exat QB solution from Fig.3 for α = 0.25
and observe similar evolution patterns. Moreover, we
took a series of points on a line whih onneted initial
onditions of the FPU trajetory (Eq 6=1 = 0) with the
numerially exat QB solution from Fig.3. For eah of
these points we integrated the orresponding trajetory
and measured the average deviation∆ from the QB orbit.
The dependene of ∆ on the line parameter turns out to
be an almost linear one, starting from zero when being
very lose to the QB orbit, and ending with a maximum
value when being lose to the FPU trajetory. That sup-
ports the expetation that the FPU trajetory is a per-
turbation of the QB orbit. The FPU reurrene is grad-
ually appearing with inreasing ∆ and is thus diretly
related to the regular motion of a slightly perturbed QB
periodi orbit, whih we tested also numerially.
In onlusion, we report on the existene of q-breathers
as exat time-periodi low-frequeny solutions in the non-
linear FPU system. These solutions are exponentially lo-
alized in the q spae of the normal modes and preserve
stability for small enough nonlinearity. They ontinue
from their trivial ounterparts for zero nonlinearity at -
nite energy (in that limit they simply orrespond to one
mode with wave number q0 being exited, and all the
other modes being at rest). The stability threshold of
QB solutions oinides with the weak haos threshold in
[8℄. Persistene of exat stable QB modes is shown to be
related to the FPU paradox. The FPU trajetories om-
puted 50 years ago are perturbations of the exat QB
orbits. Remarkably, loalization in q-spae persists even
for parameters when the QBs turn unstable. The onept
of stable QBs and their impat on the evolution of exita-
tions in the FPU system is expeted to apply far beyond
the stability threshold of the QB solutions reported in
the present work. Generalizations to higher dimensional
latties and other Hamiltonians are straightforward, due
to the weak onstraint imposed by the nonresonane on-
dition needed for ontinuation. QBs an be also expeted
to ontribute to peuliar dynamial features of nonlinear
latties in thermal equilibrium, e.g. the anomalous heat
ondutivity in FPU latties [3℄.
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